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Abstract The present paper investigates the propagation of Love waves through a fluid-saturated porous layer sandwiched between
isotropic homogeneous layer and non-homogeneous elastic half space with an irregular interface. A point source is considered at
a particular depth in the half space causing a parabolic irregularity at the interface of the porous layer and half space. The study
utilizes Biot’s theory of elasticity and applies Fourier transformation to derive analytical solution. The computational simulations of
dispersion equation using MATLAB reveal key outcomes: Phase velocity decreases with an increase in inhomogeneity, anisotropy,
and porosity factors, a significant reduction in wave velocity is observed with increasing wave number, and irregularity depth to
layer’s height ratio affects wave propagation significantly, diminishing phase velocity. The study reveals several key quantitative
outcomes as, phase velocity decreases by up to 15% as the inhomogeneity parameter increases from 0 to 3, anisotropy causes a
reduction in phase velocity by 10–12%, and porosity results in a 20–25% decrease in wave velocity. Additionally, increasing the
depth ratio of the irregularity leads to a 30% reduction in phase velocity. The findings of this study provide deeper insights into Love
wave behavior across layered media, which have practical implications for geophysics, seismology, fluid mechanics and earthquake
engineering.

List of symbols

Parameter Description
ε Small positive number
l Depth of irregularity
2s Width of irregularity
σi j , i , j � 1, 2, 3 Component of stress tensor in M1

τi j , i , j � 1, 2, 3 Component of stress tensor in M2

ti j , i , j � 1, 2, 3 Component of stress tensor in M3

ui , i � 1, 2, 3 Displacement components of M1

vi , Vi , i � 1, 2, 3 Displacement components of fluid and solid skeleton of M2

wi , i � 1, 2, 3 Displacement components of M3

H1 and H2 Height of layer 1 and 2
δi j , i , j � 1, 2, 3 Lame’s constants for medium 1, 2 and 3
δi j , i , j � 1, 2, 3 Kronecker delta
C1, C2, ..., C8 Elastic constants of M2

f Fluid porosity and pressure of M2

ρi j , i , j � 1, 2, 3 Mass density coefficients of M2

ω Angular velocity
μ0, ρ0 Arbitrary constants
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1 Introduction

The study of Love waves is crucial in fields like seismology, geophysics, and engineering due to their significant impact on
surface phenomena. In earthquake engineering, Love waves are particularly important as they cause extensive horizontal ground
displacements, often leading to major damage during seismic events. Understanding Love waves can help scientists predict and limit
the effects of ground motion, contributing to the development of earthquake-resistant designs. The Earth contains fluid-saturated
porous layers, such as sandstone and sedimentary formations infused with groundwater or oil. The behavior of Love waves in these
porous layers has gained considerable attention due to its relevance in soil mechanics, ocean engineering, and earthquake engineering.
These layers can be anisotropic, isotropic, or transversely isotropic in nature. Additionally, the movement and redistribution of fluids,
along with changes in fluid pressure, can act as triggers for earthquakes. Valuable insights into the propagation of seismic waves
in fluid-saturated porous mediums can be found in the books Ewing et al. [1] and Gubbins [2]. Biot [3, 4] developed the theory
of propagation of elastic waves in a fluid-saturated porous material and formulated the equation of motion for elastic waves in
two-phase systems (fluid phase and solid phase). This study predicted the presence of two types of dilatational waves and one shear
wave propagating through a porous medium. Deresiewicz [5] was the first to derive the dispersion equation for Love waves in a
porous solid. However, this work did not provide dispersion and attenuation curves for Love waves. Since then, many researchers
have applied Biot’s theory to a variety of problems involving the propagation of seismic waves through the Earth’s porous layers.
Chattopadhyay and De [6] examined Love wave propagation in a fluid-saturated isotropic porous layer over a non-homogeneous
half-space characterized with a rectangular irregularity at the interface of the layer and half-space. Dutta and Odé [7] gave a theory
for attenuation and dispersion of seismic waves in fluid-saturated porous rocks with partial gas saturation. Wang and Zhang [8]
extended this research by investigated Love wave propagation in a layer over a half-space; both layer and half-space are taken to
be transversely isotropic fluid-saturated porous solids. Their study employed an effective iterative method to resolve the complex
dispersion equation, providing analytical representations of the upper and lower bounds of Love wave speed in such media. Crampin
[9] examined the propagation of the surface wave in a fluid-saturated medium. This study emphasized the significant role of the
fluid within the pores of a medium for the occurrence and preparation of the earthquake. Konczak [10] studied propagation of Love
waves in a fluid-saturated anisotropic porous layer overlaying an elastic, nonhomogeneous half space, graphically illustrating the
effects of material heterogeneity and anisotropy on wave behavior. Additionally, Carcione and Seriani [11] applied a numerical
algorithm to analyze wave propagation in frozen porous media, where pores are partially or completely filled with water and ice,
demonstrating the distinctive effects of temperature and pore content on wave speed and attenuation. Sharma [12] analyzed surface
wave propagation in a general anisotropic poroelastic solid half space. This research compared the characteristics of Love waves
in three different types of top anisotropic porous media: monoclinic, triclinic, and orthorhombic. Chattopadhyay et al. [13] have
studied the propagation of Love waves in a composite isotropic structure and examined the effect of inhomogeneity on the phase
velocity of Love waves. Ke et al. [14, 15] analyzed Love wave propagation using an iterative method in a fluid-saturated porous
layer resting over a half-space, where the porous layer is transversely isotropic with linearly varying properties. This study offered
a refined approach to resolving complex dispersion relationships in such media. Kumar et al. [16, 17] investigated surface wave
propagation in a layered medium featuring a transversely isotropic porous layer sandwiched between a homogeneous isotropic layer
and a non-homogeneous elastic half-space. They considered various boundary conditions and the effect of a rectangular irregularity
at the interface of the porous layer and half-space, adding further depth to the study of interface effects on wave propagation.

Kakar [18], Vaishnav et al. [19], and Gupta et al. [20] investigated Love wave propagation in porous layers with irregular or
welded interfaces. Kakar focused on a layer over a nonhomogeneous half-space under initial stress, Vaishnav et al. examined a porous
medium on an orthotropic semi-infinite medium, and Gupta et al. studied the effect of initial stress in an anisotropic porous layer
in welded contact with a nonhomogeneous elastic half-space. Kundu et al. [21] analyzed the propagation of shear waves through a
viscoelastic layer sandwiched between an anisotropic porous layer of finite thickness and an isotropic half space. Kumhar et al. [22]
gave a study on the propagation of Love waves in an initially stressed anisotropic porous medium resting over an inhomogeneous
isotropic half-space influenced by gravity. Kumar et al. [23] studied shear wave propagation in a fluid-saturated porous layer
over heterogeneous elastic half-space with triangular shaped interface irregularity. Kumar and Saini [24] explored the influence of
inhomogeneity, initial stress, anisotropy, and interface irregularity on the propagation of Love waves within a transversely isotropic
porous layer over a nonhomogeneous elastic half space. This study uses Biot’s theory of elasticity and perturbation technique to
find the dispersion equation of the wave. This research graphically highlighted the influence of these parameters including the ratio
of layer’s depth and height of irregularity on the phase and velocity of the Love wave. Saini and Kumar [25, 26] investigated Love
wave propagation in fluid-saturated porous media, focusing on the effects of rigidity, initial stress, and mainly parabolic-shaped
irregularity at the interface of porous layer and elastic half space. Seikh et al. [27] studied the propagation of localized waves in a
transversely isotropic thermoelastic layer of arbitrary thickness.

Previous studies in this field have primarily focused on seismic wave propagation in either a single porous layer over a non-
homogeneous elastic half-space or in multi-layered media that do not account for surface irregularities. Many of these studies often
neglect key characteristics such as porosity, anisotropy, and inhomogeneity, which are critical to understanding wave behavior in
complex geological structures. In contrast, this research investigates the propagation of Love waves in a multi-layered medium that
includes a fluid-saturated porous layer with a parabolic irregularity at the interface. This approach provides a more comprehensive
model that captures the complexities of real-world geological formations. As a result, the findings are more applicable to practical
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seismic scenarios. Unlike previous studies that rely on simpler models with homogeneous or perfectly regular interfaces, this study
incorporates both non-homogeneity in the half-space and irregularity at the interface. This dual consideration provides a more realistic
representation of subsurface conditions typically encountered in natural geological settings. The research builds on well-established
foundational models, including Biot’s theory of elasticity and perturbation techniques. However, its application to this complex,
multilayered system, combined with the inclusion of parabolic interface irregularity, represents a novel extension of existing work.
The derived dispersion relation, which links the phase velocity with wave number and irregularity depth, offers new insights. These
insights can significantly enhance geophysical interpretations, particularly in regions with irregular geological structures.

The objective of this paper investigates the propagation of Love waves in a multilayered medium with a rigid boundary, consisting
a fluid-saturated, transversely isotropic porous layer, positioned between an isotropic layer and a non-homogeneous elastic half-
space. The dispersion equation is derived using Biot’s theory of elasticity and the Fourier transformation method. Through numerical
calculations and computational simulations in MATLAB, this study thoroughly analyzes the influence of key parameters including
inhomogeneity, anisotropy, porosity, and the ratio of irregularity depth to layer depth on Love wave propagation.

2 Statement of the problem

To formulate mathematical model for the considered problem, we assume the rectangular coordinate system (x1, x2, x3) with x1-axis
parallel to the direction of Love wave propagation and x3-axis oriented vertically downward. The model consists of an isotropic
layer of thickness H2, defined as (M1 : −(H1 + H2) ≤ x3 ≤ −H1), resting over a transversely isotropic fluid-saturated porous layer
of depth H1 (M2 : −H1 ≤ x3 ≤ 0) over a non-homogeneous elastic half space, defined as (M3 : 0 ≤ x3 < ∞). The origin ‘o’ of the
coordinate system is located at the midpoint of the irregularity that exists at the interface of porous layer (M2) and half-space (M3).
The disturbance causing source is positioned on the positive x3-axes at a distance of d(d > l) from the origin. This configuration is
illustrated in the figure below.

The equation for the irregularity considered using Chattopadhyay et al. [28] is.
x3 � ε f (x1), where

f (x1) �
⎧
⎨

⎩

0, f or |x1| ≥ s

2

s

(
s2 − x2

1

)
f or |x1| < s

, (1)

where ε � l
2s << 1, s �� 0.

3 Governing equations

The equations of motion for isotropic layer and elastic half space are taken using Ewing’s work that describes how waves propagate
through an elastic medium. These are second-order partial differential equations that express the balance of forces within the material.
The equations of motion for the porous layers were formulated using Biot’s theory of elasticity. This theory models the interactions
between the fluid and solid phases within the porous medium, capturing both shear and dilatational waves. The constitutive relations
for stress and strain were derived separately for each medium, accounting for both fluid-saturated poroelastic properties and the
presence of anisotropy. The basic equations for M1, M2 and M3 are given as follows.

3.1 Medium M1

The dynamical equations of motion in isotropic layer are taken by using Ewing [1], that are as follows

σi j � ρ1üi (2)

The constitutive relations for M1 given by Konzack [10] is

σi j � λekkδi j + 2μei j , (3)

where ei j � 1
2

(
ui , j + u j , i

)
.

As we have considered Love wave propagation x1x3-plane, thus displacement vector is independent of x2-coordinate, that is

u1 � u3 � 0 and u2 � u2(x1, x3, t) (4)

By using Eq. (3)—(4) in Eq. (2), we get
(

∂2

∂x2
1

+
∂2

∂x2
3

)

u2 +
1

μ

dμ

dx3

∂u2

∂x3
� 1

c2
1

∂2u2

∂t2 (5)
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where c2
1 � μ1

ρ1
.

3.2 Medium M2

The dynamical equations of motion in transversely isotropic fluid-saturated porous medium in the absence of the body forces using
Biot [29] are

∂τ11

∂x1
+

∂τ12

∂x2
+

∂τ13

∂x3
� ∂2

∂t2 (ρ11v1 + ρ12V1) − b11
∂

∂t
(V1 − v1),

∂τ21

∂x1
+

∂τ22

∂x2
+

∂τ23

∂x3
� ∂2

∂t2 (ρ11v2 + ρ12V2) − b12
∂

∂t
(V2 − v2),

∂τ31

∂x1
+

∂τ32

∂x2
+

∂τ33

∂x3
� ∂2

∂t2 (ρ11v3 + ρ12V3) − b13
∂

∂t
(V3 − v3),

∂τ

∂x1
� ∂2

∂t2 (ρ12v1 + ρ22V1) + b11
∂

∂t
(V1 − v1),

∂τ

∂x2
� ∂2

∂t2 (ρ12v2 + ρ22V2) + b12
∂

∂t
(V2 − v2),

∂τ

∂x3
� ∂2

∂t2 (ρ12v3 + ρ22V3) + b13
∂

∂t
(V3 − v3),

(6)

where σ � − f p.
The relation between ρ11, ρ12, ρ22, ρ,ρs and ρ f is given by Biot [29], assuming that there is no relative motion between solid

and fluid in this medium, that is

ρ11 + ρ12 � (1 − f )ρs ,

ρ11 + ρ12 � fρ f ,

ρ � ρs + f (ρ f − ρs).

(7)

The stress–strain relations for the medium M2 is taken using Konczak [10]

τ11 � (2C1 + C2)e11 + C2e22 + C3e33 + C6E ,

τ22 � C2e11 + (2C1 + C2)e22 + C3e33 + C6E ,

τ33 � C3e11 + C3e22 + 2C4e33 + C7E ,

τ23 � 2C5e23,

τ31 � 2C5e31,

τ12 � 2C1e12,

τ � C6e11 + C6e22 + C7e33 + C8E ,

(8)

where

ei j � 1

2

(
vi , j + v j ,i

)
,

E � divV � Vi , j ,

e � divv � vk,k .

(9)

Also, for this medium, we consider

v1 � v3 � 0, v2 � v2(x1, x3, t),

V1 � V3 � 0, V2 � V2(x1, x3, t).
(10)

Using Eq. (8)-(10), the equation of motion in (6) changes to

∂2

∂t2 (ρ12v2 + ρ22V2) + b11
∂

∂t
(V2 − v2) � 0,

C1
∂2v2

∂x2
1

+ C5
∂2v2

∂x2
3

� ∂2

∂t2 (ρ12v2 + ρ22V2) + b11
∂

∂t
(V2 − v2).

(11)

Eliminating V2 from above equations gives

C1
∂2v2

∂x2
1

+ C5
∂2v2

∂x2
3

− d′
cG

∂2v2

∂t2 � 0, (12)
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where ξ2 � (F+i R)
c2
G

, F � b2
11+γ22ρ2

b2
11+γ 2

22ρ2 , R � (γ22−C∗)b11ρ

b2
11+γ 2

22ρ2 .

Rewriting Eq. (12) by using the substitution γkl � ρkl
ρ

; (k, l � 1, 2) (a non-dimensional parameter) as

C1

C5

∂2v2

∂x2
1

+
∂2v2

∂x2
3

− d′
cG

∂2v2

∂t2 � 0 (13)

where cG � √
C5/ρ is the velocity of Love waves in the corresponding porous layer and d′ � γ11γ22−γ 2

12
γ22

.

3.3 Medium M3

The dynamical equation of motion for the half-space in absence of the body forces are taken using Ewing [1]

ti j , j � ρ∗ẅi (14)

The constitutive relation given by Konzack [10] is

ti j � λpkkδi j + 2μ3 pi j , (15)

where pi j is defined as

pi j � 1

2

(
wi , j + w j ,i

)
, pkk � wkk (16)

With the help of (15)-(16), and using w1 � w3 � 0, w2 � w2(x1, x3, t), Eq. (14) changes to
(

∂2

∂x2
1

+
∂2

∂x2
3

)

w2 � 1

c2
3

∂2w2

∂t2 (17)

where c2
3 � μ3

ρ3
and

μ3 � μ0 exp(qx3), ρ3 � ρ0 exp(qx3), (18)

4 Boundary conditions

The equations of motion are applied to a bounded medium, so specific conditions are introduced to describe the behavior of stresses
and displacement at boundaries. These conditions are.

1. At the rigid boundary x3 � −H2, the displacement components vanishes:

u2(x1, x3, t) � 0 (19)

2. The interface of medium M1 and M2 is continuous that leads the displacement components and stress components to be
continuous at x3 � −H1, i.e.,

• Continuity of displacement components

u2(x1, x3, t) � v2(x1, x3, t) (20)

• Continuity of stress components

σ32 � τ32 (21)

3. The interface of medium M2 and half space M3 is considered to be continuous that leads the displacement components and
stress components to be continuous at x3 � ε f (x1), i.e.,

• Continuity of displacement components are

u2(x1, x3, t) � v2(x1, x3, t) (22)

• Continuity of stress components are

C5
∂v2

∂x3
− C1ε f

′(x1)
∂v2

∂x1
� μ

(
∂w2

∂x3
− ε f ′(x1)

∂w2

∂x1

)

(23)

where f ′(x1) � d f (x1)
dx1

.
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5 Analytical solution of the problem

The wave is changing harmonically with time, so the solution is assumed in the form

u2(x3, x1, t) � u0
2(x3, x1)e

(iωt),

v2(x3, x1, t) � v0
2(x3, x1)e

(iωt),

V2(x3, x1, t) � U 0
2 (x3, x1)e

(iωt),

w2(x3, x1, t) � w0
2(x3, x1)e

(iωt)

(24)

Using the above Eq. (24), the equations of motion for each medium reduces to
{

∂2

∂x2
1

+
∂2

∂x2
3

+ q
∂2

∂x2
3

+
ω2

β2
1

}

u0
2 � 0, (25)

{
C1′
C5

∂2

∂x2
1

+
∂2

∂x2
3

+
ω2

c2
G

}

v0
2 � 0, (26)

{
C1

C5

∂2

∂x2
1

+
∂2

∂x2
3

+
ω2

c2
G

}

V 0
2 � 0, (27)

{
∂2

∂x2
1

+
∂2

∂x2
3

+ q
∂2

∂x2
3

+
ω2

β2
3

}

w0
2 � 0. (28)

The Fourier transformation and inverse Fourier transformation of the displacement vector are defined as

u0
2(x3, η) �

∫ ∞

−∞
u0

2(x3, x1)e
iηx1dx1, (29)

u0
2(x3, x1) � 1

2π

∫ ∞

−∞
u0

2(x3, η)e−iηx1dη.

Using above Eqs. (25)-(28) reduces to

d2u0
2

dx2
3

+ ξ2
1 u

0
2 � 0 (30)

d2v0
2

dx2
3

+ ξ2
2 v0

2 � 0 (31)

d2V 0
2

dx2
3

+ ξ2
2 V

0
2 � 0 (32)

d2w0
2

dx2
3

− ξ2
3 w0

2 � 0 (33)

where

ξ2
1 �

(
ω2

β2
1

− η2

)

,

ξ2
2 � C1

C5

(

η2 − dω2

c2
G

)

,

ξ2
3 �

(
ω2

β2
3

− η2

)

.

(34)

The general solution of the differential Eqs. (30–33) is represented as

u0
2 � D cos(ξ1x3) + E sin(ξ1x3), (35)

v0
2 � F cos(ξ2x3) + G sin(ξ2x3), (36)

V 0
2 � F cos(ξ2x3) + G sin(ξ2x3), (37)
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w0
2 � J exp(−ξ3x3), sin ce 0 ≤ z < ∞ (38)

where D, E , F , G, F , G and J are any arbitrary functions of η.
From the inverse Fourier transformation defined in Eq. (29), Eqs. (35)—(38) simplified to

u0
2(x3, x1) � 1

2π

∫ ∞

−∞
(D cos(ξ1x3) + E sin(ξ1x3))e

−iηx3dη (39)

v0
2(x3, x1) � 1

2π

∫ ∞

−∞
(F cos(ξ2x3) + G sin(ξ2x3))e−iηx1dη (40)

V 0
2 (x3, x1) � 1

2π

∫ ∞

−∞
(
F cos(ξ2x3) + G sin(ξ2x3)

)
e−iηx1dη (41)

w0
2(x3, x1) � 1

2π

∫ ∞

−∞

(

Je−ξ3x3 +
2

ξ3
e−ξ3x3eξ3d

)

e−iηx1dη. (42)

In Eq. (42) a second term,
(

2
ξ3
e−ξ3x3eξ3d

)
, is added in the integrand to represent the presence of disturbance causing source that

is placed at a distance of d from origin on positive x3-axis in the half-space.
To simplify the problem, we applied Fourier transformation to Eqs. (25)-(28). This transformation converted the partial differential

equations governing the wave propagation into ordinary differential equation in algebraic forms, allowing for easier manipulation
and integration. The inverse Fourier transformation was then used to recover the physical displacement fields from the frequency
domain solutions.

Following the perturbation method by Eringen and Samuels [30] the arbitrary functions D, E , F , G, and J can be set using a
small positive constant ε, as

D ∼� D0 + D1ε, E ∼� E0 + E1ε,

F ∼� F0 + F1ε, G ∼� G0 + G1ε,

J ∼� J0 + J1ε, e±αε f ∼� 1 ± αε f ,

cos(ξ1ε f ) ∼� 1, sin(ξ1ε f ) ∼� ξ1ε f ,

(43)

Fourier transformation and inverse Fourier transformation for f (x1) is

f (λ) �
∫ ∞

−∞
f (x1)e

iλx1dλ (44)

f (x1) � 1

2π

∫ ∞

−∞
f (λ)e−iλx1dλ. (45)

Therefore

f ′(x1) � −i

2π

∫ ∞

−∞
λ f (λ)e−iλx1dλ. (46)

6 Frequency relation

The displacement components as given in Eqs. (35)-(38) along with (43) can be simplified to a system of ten non-homogenous linear
equation using the boundary conditions from Eqs. (19) and (21) in equation and Fourier transformation for f (x1) in Eq. (45)-(46)

D0 cos(ξ1(H1 + H2)) − E0 sin(ξ1(H1 + H2)) � 0,

D0 cos ξ1H2 − E0 sin ξ1H2 − F0 cos ξ2H2 + J0 sin ξ2H2 � 0,

μ1ξ1(D0 sin ξ1H2 + E0 cos ξ1H2) − C5ξ2(F0 sin ξ2H2 + G0 cos ξ2H2) � 0,

F0 − J0 � 2

ξ3
e−ξ3d ,

μ1ξ1 J0 + C5ξ2 J0 � 2μ0e
−ξ3d ,

D1 cos(ξ1(H1 + H2)) − E1 sin(ξ1(H1 + H2)) � 0,

D1 cos ξ1H2 − E1 sin ξ1H2 − F1 cos ξ2H2 + J1 sin ξ2H2 � 0,

μ1ξ1(D1 sin ξ1H2 + E1 cos ξ1H2) − C5ξ2(F1 sin ξ2H2 + G1 cos ξ2H2) � 0,

J1 − F1 � W1(k),

μ3ξ3 J1 + C5ξ2G1 � W2(k),

(47)
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where

W1(k) � 1

2π

∫ ∞

−∞
(B0ξ1 − ξ3D0 + 2e−ξ3d )η�k−λ f (λ)dλ. (48)

W2(k) � 1

2π

∫ ∞

−∞

[

ξ2
1C5A0 − μ0

(
ξ2

3 D0 + 2ξ3e
−ξ3d

)
− μ0λkξ3

(

D0 − 2

ξ3
e−ξ3d

)η�k−λ

f (λ)dλ

]

(49)

The perturbation method is employed to handle the complexity introduced by the parabolic irregularity at the interface and the
boundary conditions. This technique allowed for the approximation of the solution by introducing a small parameter ε and expanding
the displacement field in terms of this parameter.

Solving the above set of equations, we obtain the values of unknowns as

D0 � 8μ3C5ξ2e−ξ1d tan(H1 + H2)
(
1 + tan2 ξ2H2

)

�(k)
,

E0 � 4μ3C5ξ2e−ξ3d
(
1 + tan2 ξ2H2

)

�(k)
,

F0 � 4μ3e−ξ3d

�(k)

[
μ3ξ1 tan ξ2H2(1 + tan ξ1H2 tan ξ1(H1 + H2))

+C5χ2(tan ξ1H2 − tan ξ1(H1 + H2))

]

,

G0 � 4μ3e−ξ3d

�(k)

[
μ3ξ1(1 + tan ξ1H2 tan ξ1(H1 + H2))

−C5ξ2 tan ξ2H2(tan ξ1(H1 + H2) − tan ξ1H2)

]

,

J0 � 2μ3e−ξ3d

�(k)

[
(C5ξ3 + μ3ξ1)(μ3ξ1 − C5ξ3) tan ξ1(H1 + H2)

+(C5ξ2 + μ3ξ1)(μ3ξ1 − C5ξ2) tan ξ1H2

]

,

D1 � (W2 − μ3ξ3W1)C5ξ2

�(k)

[(
1 + tan2 ξ2H2

)
tan ξ1(H1 + H2)

]
,

E1 � (W2 − μ3ξ3W1)C5ξ2
(
1 + tan2 ξ2H2

)

�(k)
,

F1 � (W2 − μ3ξ3W1)

�(k)

⎡

⎢
⎣

μ3ξ1(W2 tan ξ1H2

(1 + tan ξ1H2 tan ξ1(H1 + H2))

+C5ξ1(tan ξ1H2 − tan ξ1(H1 + H2))

⎤

⎥
⎦,

G1 � (W2 − μ3ξ3W1)

�(k)

[
μ3ξ1(1 + tan ξ1H2 tan ξ1(H1 + H2))

+C5ξ2 tan ξ2H2(tan ξ1H2 − tan ξ1(H1 + H2))

]

,

J1 � 1

�(k)

[
μ1ξ1(W2 tan ξ2H2 + W1C5ξ2)(1 + tan ξ1H2 tan ξ1(H1 + H2))

+C5ξ2(W2 − C5ξ2W1 tan ξ2H2)(tan ξ1(H1 + H2) − tan ξ1H2)

]

(50)

where �(k) is defined as

�(k) �
[

μχ1(1 + tan χ1H2 tan χ1(H1 + H2))(μχ3 tan χ2H2 + C5χ2)

+C5χ2(tan χ1(H1 + H2) − tan χ1H2)(C5χ2 tan χ2H2 − μχ3)

]

(51)

The displacement vector of porous layer, v0
2 , in Eq. (40) changes to

v0
2 � 1

2π

∫ ∞

−∞

(
4μ3e−ξ3d

�(k)

[

1 +
ε(W2 − μ3ξ3W1)eξ3d

4μ3

]

[S1 + S2]e−ikx1

)

dk (52)

where

S1 � μ3ξ1(1 + tan(ξ1H2) tan ξ1(H2 + H1))(sin(ξ2x3) + tan ξ2H2 cos(ξ2x3))

S2 � C5ξ2(tan(ξ1(H1 + H2) − tan ξ1H2)(cos ξ2x3 − tan ξ2H2 sin ξ2x3)

From the equation of irregularity (1) and its Fourier transformation, we get

f (λ) � 4

λ3 sin(λs) − 4s

λ2 cos(λs). (53)

Using Eqs. (48)—(49), along with (53) we have

W2 − μ3ξ3W1 � 8sμ3

π

∫ ∞

0

1

λ2 [g(k − λ) + g(k + λ)]

[
1

λ
sin(λs) − 4 cos(λs)

]

dλ (54)
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where

g(k − λ) � (A2 + A3)

A2 � D0ξ
2
1C5 − μ3ξ3

(
ξ1E0 − 4e−ξ3d

)
(55)

A3 � −λk
(
μ3ξ3D0 − 2μ3e

−ξ3d
)

(56)

Now, using the asymptotic formula given by Willis [31] and Tranter [32], solve the integral in Eq. (54) and ignore the terms
containing 2/s and its higher powers, since s is very large

∫ ∞

0

1

λ2 [g(k − λ) + g(k + λ)]

[
1

λ
sin(λs) − 4 cos(λs)

]

dλ � π

2
.2g(k) � πg(k) (57)

Thus, from Eq. (57), Eq. (54) becomes

W2 − μ3ξ3W1 � 8lμ3

ε
g(k) (58)

The displacement vector of porous isotropic layer in Eq. (52) becomes

v0
2 � 1

π

∫ ∞

−∞

(
4μ3e−ξ3d

�(k)
[
1 − lg(k)eξ3d

] [S1 + S2]e−ikx1

)

dk (59)

The value of integral in Eq. (59) depends entirely on the contribution of poles of the integrand. Therefore, the dispersion equation
is given by the roots of equation

E(k)[1 − H1g(k)eξ3d ] � 0 (60)

By solving Eq. (60) and equating the real parts we get the dispersion equation for Love waves, as

μP1

C5P2

(

1 + tan(P1kH1) tan(P1k(H1 + H2))

[
(1 − P1kl)(C5P2 + μ3P3 tan kH1)

−l P2k(C5P2 tan P2kH2 − μ3P3kH1)

])

� [tan(P1k(H1 + H2)) − tan(P1kH1)][(1 − P1kl)(C5P2 + μP3 tan kH1) + l P2k(C5P2 tan P2kH2 − μ3P3kH1)]

(61)

where,

P1 �
√

1 − c2

c2
1

(62)

P2 �
√

c2

C2
G

− C1

C5
(63)

P3 �
√

1 − c2

c2
3

(64)

and c ≤ c1, c ≤ c3.
The obtained dispersion equation of Love waves describes the properties of the wave, the medium and the effect of various factors

on the waves.
The combination of Fourier transformation and perturbation techniques led to the derivation of the dispersion equation, which

links the phase velocity of the Love wave to the wave number and various factors of the model. The boundary conditions at the
interface between the isotropic, porous, and elastic half-space layers were applied to ensure continuity of displacement and stress
fields across the layers.

7 Particular cases

Some specific cases for the considered problem are discussed as follows:
Case 1: when the layer M1 is omitted, so that the model consists of porous layer M2 over the nonhomogeneous half space M3

only, by substituting H2 � 0 in Eq. (58) it is simplified to

tan(P2kH1) � μP3 + μP2
3 kl − l P2

2 kC5

μP2P3lk + μ2P2 + P3klC5P2
(65)
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Fig. 1 Geometry of the Problem

Case 2: when the irregularity at the interface is removed (by considering l � 0) in case 1, Eq. (65) changes to

tan(P2kH1) � μ3P3

μ2P2
(66)

Substituting values of P2 and P3 in Eq. (66), it becomes

tan

(

kH1

√
c2

C2
G

− C1

C5

)

�
μ3

√

1 − c2

c2
3

μ2

√
c2

C2
G

− C1
C5

(67)

This equation represents the classical dispersion equation for Love waves obtained by Love [35].

8 Numerical discussions

This section explores the impact of different factors on the phase velocity of Love waves using the dispersion relation in Eq. (61).
The numerical computation has been carried out using the data by Gubbins [2] and Ding et al. [33].

μ1 � 7.45 × 1010 N/m2,

ρ11 � 3321 kg/m3, ρ12 � 2802 kg/m3,

ρ22 � 3293 kg/m3, ρ � 2543 kg/m3,

C5 � 9.4 × 1010 N/m2,

μ3 � 7.84 × 1010 N/m2.

This section is divided in three subsections, first subsection describes the effect of inhomogeneity parameter (q) on phase velocity
of Love waves in two cases, first in the absence of upper layer, i.e., (H2 � 0), second in the absence of porous layer, i.e., (H1 � 0).
Second subsection describes the impact of porosity of porous layer (M2) on phase velocity of Love waves. Third subsection describes
the impact of anisotropy factor of porous layer (M2) on phase velocity of Love waves.

8.1 Effect of inhomogeneity parameter

Figure 1, 2, 3, 4 and 5 show the variation of dimensionless phase velocity of Love wave against wave number (kH1) in the absence
of M1, for q � 0, 1, 2, 3. The curves in each figures represent phase velocity for different ratio of depth of irregularity to width
of porous layer, i.e., l/H1 � 0.10, 0.20, 0.30, 0.40, respectively, these curves shows the pattern that whenever the wave number is
increasing the non-dimensional phase velocity is decreasing. Each figure represents that the phase velocity is diminishing with the
increment in ratio l/H1.
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Fig. 2 Phase velocity (c/cG )

versus wave number (kH1) for inh
omogeneity parameter q � 0

Fig. 3 Phase velocity (c/cG )

versus wave number (kH1) for
inhomogeneity parameter q � 1

Figure 6, 7, 8 and 9 show the variation of dimensionless phase velocity of Love wave against wave number (kH2) in the absence
of medium M2, for q � 0, 1, 2, 3. These figures show the similar pattern that as the wave number is increasing the non-dimensional
phase velocity is decreasing monotonically and tending to 0 for higher value of wave number.

8.2 Effect of anisotropy factor

In Figs. 10 and 11, the anisotropy effect of M2 on the dimensionless phase velocity versus dimensionless wave number curve is
represented for homogenous half-space (q � 0) with C1/C5 � 0.1 and 0.2 and Fig. 12- Fig. 13 shows this variation for nonhomo-
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Fig. 4 Phase velocity (c/cG )

versus wave number (kH1) for
inhomogeneity parameter q � 2

Fig. 5 Phase velocity (c/cG )

versus wave number (kH1) for
inhomogeneity parameter q � 3

geneous half-space (q � 1) with C1/C5 � 0.1 and 0.2. In this analysis the ratio of height of first layer (M1) to the height of second
layer (M2) is considered as H2/H1 � 0.5. These figures show that whenever the anisotropy ratio is increasing, the magnitude of
phase velocity is decreasing proportionally. By comparing Figs. 10 and 11 with Figs. 12–13, this is observed that with the increment
in q , the magnitude of phase velocity is decreasing slightly, while all the figures show the pattern that as the wave number rises,
phase velocity of Love wave diminishes. The anisotropy factor is varied between 0.1 and 0.2 for homogeneous and nonhomogeneous
half-space cases. These values align with anisotropic behaviors commonly found in geological formations, and the linear decrease
in phase velocity with increasing anisotropy holds true across this range.
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Fig. 6 Phase velocity (c/cG )

versus wave number (kH2) for
inhomogeneity parameter q � 0

Fig. 7 Phase velocity (c/cG )

versus wave number (kH2) for
inhomogeneity parameter q � 1

8.3 Effect of porosity

In Figs. 14 and 15, the porosity effect of M2 is represented on the dimensionless phase velocity versus dimensionless wave number
curves for homogenous half-space (q � 0) with f � 1.2 and 1.4, whereas Figs. 16, 17 show this variation for non-homogenous
half-space (q � 1) with f � 1.2 and 1.4. The curves in each figure represent the different ratio for l/H1, and the ratio of the
medium’s height is considered to be H2/H1 � 0.5. Figures 14, 17 show that whenever the porosity is increasing, the magnitude
of phase velocity is decreasing, along with the increment in inhomogeneity parameter q , while all the figures show that the phase
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Fig. 8 Phase velocity (c/cG )

versus wave number (kH2) for
inhomogeneity parameter q � 2

Fig. 9 Phase velocity (c/cG )

versus wave number (kH2) for
inhomogeneity parameter q � 3

velocity diminishes with the rise in the wave number. The porosity factor is varied between 1.2 and 1.4 for homogeneous and
nonhomogeneous half space, representing realistic values for fluid-saturated porous layers. The trends observed in phase velocity
are consistent within this range.

The trends observed in the figures, where phase velocity decreases with increasing wave number, anisotropy, and porosity, can
be explained based on the physical interactions between the fluid and solid matrices and the material properties of the medium.
As the wave number increases, the shorter wavelength interacts more strongly with the internal structures of the medium, leading
to increased scattering and energy dissipation. Similarly, increasing anisotropy introduces directional stiffness variations, when

123



Eur. Phys. J. Plus        (2024) 139:1137 Page 15 of 20  1137 

Fig. 10 Phase velocity versus
wave number for inhomogeneity
parameter q � 0 and porosity
factor C1/C5 � 0.1

Fig. 11 Phase velocity versus
wave number for inhomogeneity
parameter q � 0 and porosity
factor C1/C5 � 0.2

anisotropy increases, the medium becomes less uniform in its ability to transmit waves, leading to slower wave speeds in certain
directions due to weaker elastic properties along those axes. Increasing porosity weakens the solid matrix and increases fluid–solid
interaction, both of which reduce the medium’s ability to support Love waves, resulting in lower phase velocities.

123



 1137 Page 16 of 20 Eur. Phys. J. Plus        (2024) 139:1137 

Fig. 12 Phase velocity versus
wave number for inhomogeneity
parameter q � 1 and porosity
factor C1/C5 � 0.1

Fig. 13 Phase velocity versus
wave number for inhomogeneity
parameter q � 1 and porosity
factor C1/C5 � 0.2

9 Simulation details

In this research work, the numerical method was implemented using custom MATLAB code, with no reliance on external packages
for the graphical computations. The figures in Fig. 2- Fig. 17 were generated using MATLAB’s built-in ‘plot’ and ‘legend’ functions.
The mesh 2D plots employed in the simulations are generated using the plot function only.
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Fig. 14 Phase velocity (c/cG )

versus wave number (kH2) for
inhomogeneity parameter q � 0
and porosity factor f � 1.2

Fig. 15 Phase velocity (c/cG )

versus wave number (kH2) for
inhomogeneity parameter q � 0
and porosity factor f � 1.4

The approximate CPU time for each simulation was calculated by recording the start time with “tStart � cputime;” at the beginning
of each code and the end time “tEnd � cputime – tStart” at the end. The CPU hours for each simulation are presented in the table
as follows: Table. 1
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Fig. 16 Phase velocity (c/cG )

versus wave number (kH2) for
inhomogeneity parameter q � 1
and porosity factor f � 1.2

Fig. 17 Phase velocity (c/cG )

versus wave number (kH2) for
inhomogeneity parameter q � 1
and porosity factor f � 1.4

10 Conclusion

The propagation of Love waves in a transversely isotropic fluid-saturated porous layer with rigid boundary sandwiched between an
isotropic homogenous layer and nonhomogeneous half space has been studied with parabolic irregularity at the interface of porous
layer and half space. The dispersion equation for Love wave has been obtained and graphically plotted, showing the dimensionless
phase velocity of Love waves versus the dimensionless wave number curves for different parameters. The numerical and graphical
investigations have yielded the following significant key points:
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Table 1 CPU time for each
solution

Simulation CPU hours Simulation CPU hours Simulation CPU hours Simulation CPU hours

Figure 2 0.1094 Figure 6 0.0313 Figure 10 0.1563 Figure 14 0.0781

Figure 3 0.1250 Figure 7 0.0625 Figure 11 0.1563 Figure 15 0.0938

Figure 4 0.1406 Figure 8 0.0938 Figure 12 0.5469 Figure 16 0.1406

Figure 5 0.0781 Figure 9 0.1406 Figure 13 0.1250 Figure 17 0.1094

1. The dispersion equation of the Love wave is a function of each layer’s height (H1 and H2), irregularity’s depth l, inhomogeneity
parameter q , porosity f and wave number k. This implies that phase velocity of Love waves is dependent on these variables.

2. Figures 2, 3, 4, 5, 6, 7, 8 and 9 show that phase velocity diminishes with respect to wave number as the inhomogeneity parameter
increases for each layer

3. Through Figs. 10, 11, 12 and 13, it is concluded that with the increment in anisotropy factor of the porous layer (M2), the phase
velocity decreases with the increase in wavenumber.

4. Through Figs. 14, 15, 16 and 17, it is observed that as the porosity of the porous layer (M2) increases, the phase velocity
decreases with the increase in wavenumber.

5. The phase velocity is decreasing as the size of the ratio of irregularity’s depth to each layer’s height is increasing indicating that
the irregularity’s size and shape have a significant effect on propagation of Love waves.

This research can be further extended by considering various parameters of the layer for example, the anisotropic porous layer
could be modeled as a double porous layer, allowing for the exploration of the effects of two distinct types of pores. Another possible
direction for extending this research involves examining different types of irregularities, such as triangular shapes. Additionally,
multiple irregularities could be studied by considering multiple sources of disturbance in the half-space.

This study provides significant insights into the propagation of Love waves in an anisotropic porous situated between an isotropic
layer and homogeneous half space with parabolic irregularity at the interface. However, several areas warrant further exploration.
Future research could focus on extending the current model to account for more complex variables and boundary conditions. For
instance, a double pours layer could be analyzed to explore the effect of two distinct types of pores can be explored (variable saturation
levels in porous layers). Another possible direction for extending this research involves examining different types of irregularities,
such as triangular shapes. Additionally, investigating multiple irregularities by considering multiple sources of disturbance in the
half-space could provide better understanding of seismic behavior in natural environments. Experimental validation of the theoretical
models would strengthen their practical applications in geophysics and earthquake engineering. Future research could also extend
the current model by incorporating additional fluid properties such as viscosity and compressibility. Viscosity introduces internal
friction within the fluid, causes energy dissipation, reducing wave amplitude. Additionally, compressibility affects how the fluid
responds to pressure changes during wave passage, effecting medium’s stiffness and phase velocity. Exploring these factors would
provide deeper insights into the complex interactions between the fluid and solid matrix during seismic wave analysis.

11 Application of the model

The insights gained from this study on Love wave propagation through complex structures fluid-saturated porous layers inhomo-
geneous and irregular interfaces have significant real-world applications. This study offers valuable insights into seismic wave
propagation in complex subsurface environments, advancing our understanding of ground response to seismic activity. It highlights
the effects of porosity, anisotropy, and interface irregularities while contributing to the development of improved seismic imag-
ing techniques. These insights play a critical role in more accurate earthquake risk assessments. In material science, the research
examines how various materials and configurations influence seismic wave velocities, particularly in complex geological settings.
In the oil and gas industry, the findings can also be applicable in the exploration and extraction processes. By investigating the
propagation of surface waves through porous layers, the study aids in identifying reservoir characteristics and enhancing extraction
techniques. It assists in mapping subsurface structures such as reservoirs, ultimately improving exploration and extraction processes.
In civil engineering, the findings are relevant for designing infrastructure situated on or near non-homogeneous half-spaces. The
soil-structure interaction is a key concern in such model, ensuring structures can endure dynamic loads from seismic forces. By
examining factors like porosity, irregularities, and anisotropy in Earth models, this study enhances the precision of ground motion
predictions. This ultimately improves earthquake hazard assessments and provides more resilient engineering practices.
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